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ABSTRACT 

This paper presents the results of analyses of the series resonance phenomenon in a system 

containing supercapacitors. The specific features of such components, especially the diffusion 

processes, cause their dynamic properties significantly differ from those of typical capacitors. In 

contrast to other authors work, the presented results were obtained during discharging of super-

capacitors through periodically changing resistor. Such procedure corresponds to conditions 

when supercapacitors can be discharged by periodically changing loads. Analysis of resonance 

phenomena is a very important task; especially in power supply circuits, where supercapacitors 

often act as energy storage elements. The tests carried out for selected supercapacitors and fre-

quencies range were verified practically using a specially prepared test system. 
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INTRODUCTION 

Supercapacitors as components that accumulate very large amounts of energy 

and characterized by very high charging and discharging currents, currently find a very 

wide range of applications. One such area is power supply. In combination with 

periodic changes in the discharge current, the presence of reactance components 

(𝐿𝐶) in supercapacitors may lead to dangerous consequences resulting from the phe-

nomenon of resonance. Research on resonance phenomena in circuits with super-

capacitors is conducted by many authors [4, 5, 6, 8, 10]. In simulation studies, 

supercapacitor models are often defined using fractional differential equations [2, 6, 

7, 9]. Nevertheless, in all works, the resonance effect in the supercapacitor’s charging 

circuit is generated by a periodically changing power source. However, a different 

situation may occur under real-life conditions, where a charged supercapacitor 

becames a supply unit and the resonance effect may be caused by periodically 

changing loads. The specific properties of supercapacitor which result from diffu-

sion mechanisms cause their dynamic properties to differ significantly from those 

of typical capacitors [1, 3, 10]. This is of particular importance in the process of 

designing electronic circuits, especially in such cases as selecting the operating 

frequency of impulse power supplies. Furthermore, in contrast to standard capaci-

tors, in the case of supercapacitor elements modelled with fractional differential 

equations there are two different resonance frequencies which fulfil the amplitude 

and phase conditions [10, 11, 12]. 

SUPERCAPACITOR MODEL 

The general equivalent circuit of supercapacitor 𝐶𝑥 is presented in fig. 1 [13]. 

The equivalent circuit consists of ideal capacitor 𝐶, series resistance 𝑟𝑠, inductance 

𝑙𝑠 and parallel resistance 𝑟𝑙 . Capacitor 𝐶 represents the capacitance of a supercapac-

itor, resistance 𝑟𝑠 represents the active resistance of leads and internal connections, 

coil 𝑙𝑠 represents the inductance of leads and the inductance related to the structure 

(design) of the capacitor, and finally 𝑟𝑙  represents the losses associated with leakage 

current (imperfection of the dielectric). 

An attempt was made to determine the values of individual components in 

the equivalent circuit of real supercapacitor 𝐶𝑥. First, simulation calculations of the be-

haviour of the capacitor in the measurement circuit were performed for the approxi-

mate values of the equivalent supercapacitor circuit, as shown in fig. 1. Voltage 

waveform 𝑈𝑐 was observed at different frequencies of source signal 𝐸𝑠. 
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Fig. 1. Schematic diagram of the circuit adopted for simulation calculations 

 

The simulation was performed for frequencies in the range from 100 μHz to 

1 MHz. The conditions under which the simulation calculations were carried out and 

the results are shown in fig. 2 and 3. All simulations were performed using the PSpice 

software. The purpose of the waveforms shown in fig. 3 and 4 is to show only the im-

pact of changes in selected parameters on the result. These values do not correspond 

to the actual values of specific elements, but only show the impact of their qualitative 

changes on the output signal. 

 

 
Fig. 2. The supercapacitor voltage 𝑈𝑐 vs. frequencies in the circuit shown in fig. 1 

for: 𝐶 = 3 F and for: 1 – 𝑙𝑠 = 1 μH, 2 – 𝑙𝑠 = 10 μH, 3 – 𝑙𝑠 = 100 μH 
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Fig. 3. The supercapacitor voltage 𝑈𝑐 vs. frequencies in the circuit shown in fig. 1 

for: 𝑙𝑠 = 10 μH and for: 1 – 𝐶 = 1 F, 2 – 𝐶 = 3 F, 3 – 𝐶 = 10 F 

 

Experimental determination of the values for equivalent circuit compo-

nents as shown in fig. 1 is very difficult and time-consuming. Measurements with  

a frequency signal of 100 μHz imply that a measurement within one period must be 

taken over approx. 3 hours. In turn, in the case of high frequencies, i.e. above 

10 kHz, it is difficult to distinguish the influence of the capacitor’s inductance from 

the inductance of its leads and measuring system components. As can be seen in  

fig. 2 and 3, in the low frequency range the capacitance of the capacitor solely de-

termines the properties of circuit 𝐶, and in the high frequency range (above 

10 kHz) it is only its inductance that determines the properties of the circuit. Even 

though the schematic diagram includes coil 𝑙𝑠 and a capacitor 𝐶, the circuit between 

the outputs does not exhibit properties characteristic of resonance circuit 𝐿𝐶. This 

can be explained by the very large capacitance of capacitor 𝐶 and the relatively 

small value of inductance 𝑙𝑠, which results in a series resonance circuit of a very 

low 𝑄 factor [8]. The 𝑄 factor for a resonance circuit with equivalent series re-

sistance 𝑟𝑠 and coil 𝑙𝑠 is defined as 

 𝑄 =
𝜔0𝑙𝑠

𝑟𝑠
, (1) 

where  

𝜔0 — resonance frequency. 
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STRUCTURE OF THE MEASURING SYSTEM AND SIMULATION RESULTS 

The behaviour of the supercapacitor during sinusoidal discharge at different 

frequencies was measured in the measuring system shown in fig. 4. The task of the sys-

tem is to make it possible to observe the reaction of supercapacitor 𝐶𝑥, and more 

precisely of the voltage between the supercapacitor terminals, to a variable value of 

the discharge current. The model of tested capacitor 𝐶𝑥 has been replaced by serial 

connection of the ideal capacitor 𝐶 and equivalent series resistance 𝑟𝑠. 

The operating amplifier 𝑊 and transistor 𝑇 work within a class A amplifier 

circuit, in which transistor drain 𝑇 is loaded by resistor 𝑅𝑟 . Resistors 𝑅1 and 𝑅2 are 

used to determine the quiescent output voltage of the amplifier, i.e. when the ampli-

tude of source signal 𝐸𝑠 is zero. The non-reversible input of amplifier 𝑊 is controlled 

in relation to the reference level by the sum of voltage on resistor 𝑅1 and the tran-

sience source value of source 𝐸𝑠. The transient value of discharge current 𝐼𝑟 de-

pends on the transient difference between voltage 𝑈𝑐 and the voltage at the output 

of voltage follower 𝑈𝑤. The value of discharge current 𝐼𝑟 of capacitor 𝐶𝑥 can be es-

timated from the dependency 

 𝐼𝑟 =
𝑈𝑐(𝑡) – 𝑈𝑤(𝑡)

𝑅𝑟
, (2) 

while voltage 𝑈𝑤 is defined as  

 𝑈𝑤 =
𝑈𝑐(𝑡) 𝑅1

𝑅1+𝑅2
 + 𝑈𝑠(𝑡), (3) 

where 𝑈𝑠(𝑡) = 𝐴𝑠 sin(2𝜋𝑓𝑡). 

 

 
Fig. 4. Schematic diagram of the measuring system 
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First, switch 𝐾2 is shorted and supercapacitor 𝐶𝑥 is charged with current 𝐼 

from current source 𝐼𝐷𝐶  until voltage value 𝑈𝑐 reaches the maximum permissible 

value, i.e. 2.7 𝑉. Next, key 𝐾2 is opened and key 𝐾1 is shorted. The charged capacitor 

𝐶𝑥 is then connected to the amplifier and supplies its output stage and resistor di-

vider 𝑅1,𝑅2. Capacitor 𝐶𝑥 is discharged by current 𝐼𝑟 . The value of resistors 𝑅1 and 

𝑅2 is high in relation to the value of resistor 𝑅𝑟 and therefore the discharge process 

in this circuit is determined solely by the value of resistor 𝑅𝑟 and the momentary 

value of voltages 𝑈𝑤 and 𝑈𝑐.  

In the case of the measuring system shown in fig. 4, the calculation of  

the voltage waveform on capacitor 𝑈𝑐 and current 𝐼𝑟 in the circuit during the dis-

charge of capacitor 𝐶𝑥 with sinusoidal current at different frequencies was per-

formed. The results and calculation conditions are shown in fig. 5. 

 

 
Fig. 5. Supercapacitor voltage 𝑈𝑐 and current 𝐼𝑟  if: 𝑅1 = 𝑅2 = 2 kΩ,  

𝑟𝑠  =  0.1 Ω, 𝑅𝑟  =  0.5 Ω, and for: 1 – 𝑓 = 0.25 Hz, 2 – 𝑓 = 0.6 Hz, 3 – 𝑓 = 1.1 Hz 

 

Simulations were also made for a case in which resistor 𝑅2 was replaced by 

DC voltage source 𝐸𝑝 with a voltage value equal to amplitude 𝐴𝑠 of source 𝐸𝑠. Such 

replaced causes that the supercapacitor discharge current changed within constant 

range regardless of the supercapacitor voltage 𝑈𝑐. The schematic diagram of the cir-

cuit is shown in fig. 6, and the results of the simulations are shown in fig. 7. 

Simulation calculations of the waveform of voltage 𝑈𝑐 and discharge cur-

rent 𝐼𝑟 were also performed for the case where the voltage value of source 𝐸𝑝 

equals zero. The results are presented in fig. 8. 
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Fig. 6. Schematic diagram of a measuring system wherein resistor 𝑅2 is replaced by source 𝐸𝑝 

 

 
Fig. 7. Supercapacitor voltage 𝑈𝑐 and current 𝐼𝑟  when 𝑅2 is replaced by source 𝐸𝑝  

and 𝑟𝑠  =  0.1 Ω, 𝑅𝑟  =  0.5 Ω, and for: 1 – 𝑓 = 0.25 Hz, 2 – 𝑓 = 0.6 Hz, 3 – 𝑓 = 1.1 Hz 
 

 
Fig. 8. Supercapacitor voltage 𝑈𝑐 and current 𝐼𝑟  if 𝐸𝑝 = 0 V, other data as shown in the fig. 7 
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The measurements were carried out in the circuit shown in fig. 9, in which 

capacitor 𝐶𝑥, after being charged to maximum voltage 2.7 𝑉, is discharged by a resistor 

with a changing resistance value within the range from 𝑅𝑟 to 𝑅𝑟 + 𝑅𝑧 . This is to reflect 

the load on capacitor 𝐶𝑥 exerted by a receiver which changes the current draw within 

a certain value range. 

A variable-resistance resistor was implemented using a unipolar MOSFET 

transistor. The operating point of the transistor was selected so as to locate it in a part of 

the static characteristics in which it operates as a voltage-controlled resistor (resistance 

area), which results in 𝑟𝐷𝑆 = 𝑓(𝑈𝐺𝑆). A measurement circuit using a MOSFET transistor 

as a voltage-controlled resistor 𝑅𝑧 is presented in Fig. 10. Voltage source 𝐸𝑧 determines 

the transistor’s quiescent point in the resistance area and source 𝐸𝑠 determines the 

range of changes in this area. The value of the capacitor's discharge resistance will 

be defined as 

 𝑅𝑟  + 𝑅𝑧(𝑡)  =  𝑅𝑟  + 𝑟𝐷𝑆0  +  𝑟𝐷𝑆(𝑈𝐺𝑆(𝑡)), (4) 

where 

 𝑈𝐺𝑆(𝑡) = 𝐴𝑠 sin(2𝜋𝑓𝑡), (5) 

and 𝑟𝐷𝑆0 is a drain-source resistance for 𝑈𝐺𝑆(𝑡) =  𝐸𝑧. 

For the system shown in fig. 10, simulations of the voltage waveform of  

the capacitor and the discharge current for different values of resistance change 

frequencies of the capacitor-discharging resistor were performed. The results are 

presented in fig. 11. 

 

 
Fig. 9. Circuit for discharging the supercapacitor 𝐶𝑥 via variable resistance resistor  
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Fig. 10. Circuit for discharging the supercapacitor 𝐶𝑥 through resistance 𝑟𝐷𝑆  

of a MOSFET transistor 
 

 
Fig. 11. Supercapacitor voltage 𝑈𝑐 and current 𝐼𝑟  for the circuit as shown in fig. 10  

for: 𝑅𝑟 = 0.5 Ω, 𝐶 = 3 F, 𝐸𝑧 = 5 V, 𝐴𝑠 = 0.5 V, and for: 1 – 𝑓 = 0.6 Hz, 2 – 𝑓 = 1.5 Hz, 3 – 𝑓 = 5 Hz 

EXPERIMENTAL TESTS RESULTS 

In the experimental part, measurements of the RMS value of the superca-

pacitor discharge current as a function of the oscillation frequency of the discharge 

resistance changes were performed. Measurements were performed for several 

supercapacitors with capacities 0.22 F to 4.7 F. Below shows the waveform ob-

tained for a supercapacitor of nominal capacity 𝐶𝑛 = 0.47 F and nominal voltage 

5.0 V. All measurements were performed in the circuit as shown in fig. 6. The re-

search was conducted in the frequency range from 0.01 Hz to 10 Hz.  

In fig. 12 and 13, the voltage and current changes over time are presented. 

In the first time range (approx. 60 seconds) the supercapacitor is charged with 

constant current (𝑖𝐶(𝑡) = 50 mA) up to the nominal voltage 5.0 V. After this period, 
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the power supply is disconnected. The voltage at the supercapacitor terminals de-

creases due to the voltage drop at the internal series resistance (𝑖𝐶(𝑡) = 0) and 

charge redistribution inside the supercapacitor plates. In 150th second, the process 

of discharging the supercapacitor begins by cyclic changes in the resistance of 𝑅𝑧 of 

transistor 𝑇 according to equation (4). The supercapacitor is discharged by the re-

sistance specified by the sum of the resistances 𝑅𝑟 , 𝑅𝑧 and 𝑟𝑆. Examples of current 

changes during the charging and discharging cycle are shown in fig. 13. The tests 

carried out in this way were repeated for different frequencies of changes in resistance 

values 𝑅𝑧. 

 

 
Fig. 12. Measured voltage 𝑈𝑐 on the capacitor terminals in the circuit as shown  

in fig. 6, 𝐶𝑛 = 0.47 F, 𝑓 = 0.05 Hz, 𝑅𝑟 = 0.5 Ω  
 

 
Fig. 13. Measured current 𝐼𝑐 charging and discharging supercapacitor  

according to the diagram shown in fig. 6 for 𝐶𝑛 = 0.47 F, 𝑓 = 0.05 Hz, 𝑅𝑟 = 0.5 Ω  
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In fig. 14 the rms value of discharge current for different frequencies are 

presented. As in the case of the simulations shown in fig. 2 and 3, the resonance 

frequency cannot be determined accurately. In the case of supercapacitors, this is 

mainly due to the very low 𝑄 factor of the circuit defined by the equation (1). Super-

capacitors are characterized by a relatively high series resistance in relation to a very 

low inner inductance. Similar results were obtained for other supercapacitors. 

 

 

Fig. 14. The RMS value of current 𝐼𝐶  vs. the frequency 𝑓 for capacitor 𝐶𝑛 = 0.47 F  
in the frequency range from 0.01 Hz to 10 Hz 

CONCLUSIONS 

The paper presents the results of tests on the performance of supercapaci-

tors subjected to the procedure of discharge by periodically changing loads. Par-

ticular attention has been paid to the possibility of the occurrence of resonance 

phenomenon due to the presence of reactance components 𝐿𝐶. Unlike the studies 

of many authors, the resonance phenomenon was attempted to be obtained during 

the supercapacitor discharge cycle through periodically changing resistance. This 

approach enables laboratory enforcement of potential situations in supercapacitor 

operation system. 

However, the conducted research did not confirm the occurrence of reso-

nance phenomena. Over the entire frequency range, the RMS value of the discharge 

current was practically constant. The reason may be the very low 𝑄 factor of the super-

capacitors, which prevents a sudden drop across of impedance. 
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W Ł A S N O Ś C I  S U P E R K O N D E N S A T O R Ó W   
P R Z Y  Z M I E N N Y M  O B C I Ą Ż E N I U  

STRESZCZENIE 

W artykule przedstawiono wyniki analiz zjawiska rezonansu szeregowego w układzie zawierają-

cym superkondensatory. Specyficzne cechy takich elementów, szczególnie zjawiska dyfuzji, po-

wodują, że ich własności dynamiczne znacznie różnią się od właściwości typowych kondensatorów. 



Supercapacitor properties under changing load 

3 (218) 2019  93 

Prezentowane wyniki badań, w odróżnieniu od większości prac innych autorów, uzyskano pod-

czas rozładowywania superkondensatorów poprzez okresowo zmieniającą się rezystancję. Takie 

postępowanie odpowiada rzeczywistym warunkom, w jakich superkondensatory mogą być roz-

ładowywane przez zmieniające się okresowo obciążenie. Analiza warunków rezonansowych jest 

bardzo ważna, szczególnie w układach zasilania, gdzie superkondensatory często pełnią rolę ele-

mentów magazynujących energię. Przeprowadzone badania symulacyjne dla wybranych superkon-

densatorów i częstotliwości zmian obciążenia zweryfikowano w sposób praktyczny na specjalnie 

przygotowanym układzie testowym.  

Słowa kluczowe:  

rezonans elektryczny, superkondensator, zmienne obciążenie. 
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