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ABSTRACT

In this paper, there has been constructed such a model of a non-classical Bittner operational calculus,
in which the derivative is understood as a forward difference A, {x(k)}:={x(k + n) — x(k)}. Next,
considering the operation A, ,{x(k)}:={x(k + n) — b x(k)}, the presented model has been generalized.
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THE NON-CLASSICAL BITTNER OPERATIONAL CALCULUS

The Bittner operational calculus [1-4]
CO(L’, L', S, Ty, 54, O (1)

is understood as a system, in which L° and L! are linear spaces (over a field 7" of sca-
lars), such that L' c L. Moreover, a linear operation § : L! — LY (which is de-
scribed as § € .Z(L', LO)), called a derivative, is a surjection. () is a set of indices ¢ for
the operations 7, € 2L LYy and 5q € L', LY, called integrals and limit condi-
tions, respectively. These operations have to fulfil the properties ST, f = f, f € L’ and
sgx=x-T,Sx,x€ L. The kernel of S, i.e. Ker S, is called a set of constants for the de-

rivative S. The limit conditions s,, ¢ € Q are projections of L' on the subspace Ker S.

* Polish Naval Academy, Faculty of Mechanical and Electrical Engineering, Smidowicza 69 Str.,
81-127 Gdynia, Poland; e-mail: h.wysocki@amw.gdynia.pl
1 The abbreviation CO is derived from the French calcul opératoire (operational calculus).
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When speaking of a representation or a model of an operational calculus, we
have in mind a system (1), in which all the objects are defined. A classic example of
an operational calculus (1) is a discrete model with the derivative as a forward dif-
ference A{x(k)} := {x(k + 1) — x(k)}.

THE FORWARD DIFFERENCE MODEL

Let INp and C mean sets of non-negative integers and complexes, respec-
tively. Moreover, let L = L' := C(1¥y, C) be a linear space of complex sequences
x = {x(k)}xer1, With usual operations on sequences. In [1, 2, 4] Bittner considered
a model with a derivative

Sx=Ax:={x(k+1)—x(k)}, (2)

to which there was corresponding an integral

0 for k=0
N
Tox:=V 'S vy for k>0 @ KMo
i=0

and a limit condition

sox = {x(0)},

where x = {x(k)} € L" = L', Later there appeared, mentioned officially in [5], a model
with the derivative (2), integrals

ko—1
- ¥ x(i) for k<ky
i=k

Tix = 0 for k=ky . kelNy 3)
k-1
> x() for k >k

i=ky
and limit conditions
Sk X 1= {x(ko)}, (4)

where kg = g € Q := Ny? (see also [11]). This model was generalized in [7] by Mielo-
szyk. He proved that to the so-called forward difference on the basis b={b(k)}, i.e.

2 Due to the definition of T, we assume that Z:Ci;: x(i) := 0.
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Spx={x(k+ 1) - b(k)x(k)},

where b(k) # 0 for each k € Ny and {b(k)H{x(k)} := {b(k) x(k)} means the usual mul-
tiplication of sequences b, x in the algebra £, there correspond the integrals

x(k) }

Thaox = {e(k)mu{m

and limit conditions

Spjg X = { ((k ))} Sk(,{x(k)}

where e(k) := kﬁl b(i), e(0) := 1.
i=0

Having in mind further considerations, let us notice that the integrals (3)
can be presented in the concise form of

k— ko—1

ThoX = {Z x(i) - Z x(i)}. (5)

=0 i=0

A HIGHER ORDER FORWARD DIFFERENCE MODEL

A generalization of the operation A = A is the n* — order forward difference

Ap{x(k)} := {x(k + n) — x(k)}, (6)

where # is a given natural number.

We will determine integrals 7, and limit conditions sy, corresponding to (6)
understood as the derivative S. Firstly, let us notice that an arbitrary constant ¢ for
(6) is an rn-periodic sequence, i.e. it satisfies the condition c(k + n) = c(k) for each
k € M. What is more, for any sequence c € KerA, there exist numbers
do, A, .. .,dy—1 € Csuch that

k k k
c= {ao£0+a181 +"'+an718,;_]}= (7)

where
EQsE€lyenns En—1 (8)
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th

are n" roots of unity, i.e.

2jr . 2jm [ —
sj—cos—+ 1 smi, je0,n—13
n n
while ’i’ is the imaginary unit.
In what follows, we shall use the below sequence (8) properties:

8.§+n=3‘§., je0,n—1,ke Ny,

g +el+...+e =0, m#lnlmeZtnelN\ {1}

We shall prove the following:

Theorem. The system (1), where x = {x(k)} € L°=L":=C(Ny,C), kg = g €
Q :=Nypand

= {x(k +n) — x(k)}, 9)
]nfl k-1 . ko—1 _
M= (=31 a0 - . & x]) (10)
=0 =0 i=0
n—1 ko+n—1
SkX 1= {— Z Z I‘- 'x(z)} (11)
J=0  i=kgy

forms a discrete Bittner operational calculus model>.

Proof. It is obvious that operations (9)-(11) are linear. Let {y(k)} := Ty, {x(k)).

Then
S {y(k) = {y(k + n) — y(k)}
4 n—1 1— ko—1
{% Z Z k+n— ’x(z) Z 85+n_i x(i)]
j=0 i=0 i=0
1 n—1 k-1 ) ko—1 . 1 n—1 k+n-1 .
- Z[ Zs_”;*‘ x(i) — Z 81;7' x(i)]} = {; Z Z a_fjf' x(i)}.
=0 =0 i=0 =0 i=k
30,n-1:=1{0,1,..., n— 1L

4 7. denotes the set of integers.
5 We assume that Z‘-;]D x(i) := 0.
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It is not difficult to notice that for n = 1 we have §{v(k)}

= {x(k)}, while for
n > 1 we can write

1 k+n-1 y y
SO = x0) + D [eh 4 e+

i=k+1

Aol = ol (12)

Finally, it can be stated that the property S Ty, {x(k)} = {x(k)} is satisfied.
Let {f(k)} := S{x(k)} = {x(k + n) — x(k)}. Then

-1 k-1 ko—1

TS ) = Tl f) = {31 S e i = 3 &b o )
=0 =0

n—1 k+n-1 kp+n—1 ko—1

2 Z s’l‘- Lx(i) - Z k-'x(t)f Z j_"x(i)+ZEﬁ_ix(i)]}

j=0  i=n

n—1
(2

i=0

=

1 k-1 ko—1

Z 7 x4 m) = x(i)] = > &7 [x(i + ) = x(0) ]]}
i=0

i=

S| =

J

Il
(=}

S |

-

i=0

k+n—1

Z k7 x(i) + i 71 (i) - ki 71 (i)
i=0 i=0

i=n

ko+n—1 n—1 ko—1
—( Z 8];_i x(i) + 2 sﬁ_i x(i) — Z si(;_"" x(i) )]}
i=n i=0 i=0
1 n—1 k+n-1 i 1 n—1 kop+n—1 i
:{;Z & x(z)}f{; Z € ’x(;)}.
=0 =k =0 i=ko
By analogy to (12), we eventually get
n—1 ko+n—1
TS 1x(h) = () - I (D).
Jj=0 =k

So the property T}, S {x(k)} = {x(k)} — s, {x(k)} is also fulfilled. O

Let us observe that (2), (4), (5) constitute a particular case of the above
model for n = 1.
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Example. The limit condition (11) allows to present an arbitrary »-periodic
sequence ¢ = {c(k)} with a recurring cycle (cg, ¢y, ..., cy—1), i-€.

¢ ={(cosc1s..sen-1)) = {c0,Cly e s Cua1, €O CLy ooy Culs o)

in the form of (7). For, if ¢ € Ker A, we have s, ¢ = ¢. Then for ky = 0 we get

c= {; Z Z 8f,-_" c,-}. (13)

A lot of interesting examples of periodic sequences are included in The On-
-Line Encyclopedia of Integer Sequences OEIS®¢. Some of them are related to the
Fibonacci sequence {F'(k)}, whose terms meet the conditions

Fk+1)=Fk)y+Fk-1), kelN
and F(0) =0,F(1) = L.

In 1960, Wall proved [9] that for each natural number #: > 1, the sequence

{F(k)} = {F(k) (mod m)} (14)

is p(sm)-periodic?.

Thus, if in (13) we take n := p(m) and ¢; := F,(i), then

pom=1 pm=-1
Foy(k) = —— L), keN,. 15
= jZU Z}] A Fn 0 (15)

The below table contains sequences (14) chosen from OEIS® as well as
trigonometric forms of their general terms obtained on the basis of (15) by using
the Mathematica® program.

6 https://oeis.org/.

7 The number p(sm) is called the Pisano period of the sequence (14) [10]. The Pisano periods for
m < 10 - 107 can be calculated directly using the Marc Renault [8] web browser applet available
at http://webspace.ship.edu/msrenault/fibonacci/fibfactory.htm.
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OEIS® m p(m) Cycle F (k)

4k
AO11655 2 3 0.1,1) Eshﬁ;

| k k
A082115 3 8  (0,1,1,2,0,2.2,1) §(9—2\/§cosf—6cos§

3k
+2 V2 cos Tﬂ —3coskr

k k
-2 sin Iﬂ + 2 sin 34—7{)

2 k k
AQ079343 4 6 (0,1,1,2,3,1) gsin EH(\@COS;
+4 sin kn + sin kﬂ)
6 2

A079344 8 12 (0,1,1,2,3,5,0,5,5,2,7,1)

2 k k k 2k
—Sin—n(2\/§cos—n + ?’cos—jr+2\/§cosT]r

3 6 3 2
. km km. | km
+8 sin 3 +(5-4V3cos E)sm 7)
SOME GENERALIZATION
The operation
Splx(h)} = {x(k + n) — bx(k)}, (16)

where {x(k)} € L° = L := C(N,,C),b € C\ {0},isa generalization of the derivative (9).

In order to construct an operational calculus model related to the deriva-
tive (16), we will use the idea of solving the equation x(k + 1) — b(k) x(k) = f(k)
described in [6] as well as the following auxiliary theorems:

Lemma 1 (Th. 3 [4]). An abstract differential equation

Sx=f, fel’xelLl

with the limit condition
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SgX = Xpg, Xog € Ker§

has exactly one solution

X =xoq+ Tyf. (17)
Lemma 2 (Th. 4 [4]). With a given derivative S € .Z(L', L"), the projection
sq € L(L', Ker S) determines the integral T, € £ (L°, L") from the condition

x=T,f ifandonlyif Sx=f s,x=0.

Moreover, s, is a limit condition corresponding to the integral T .

Let us notice that one of the elements of the space Ker S is the sequence

e(k) = br, keNp.
So
e(k +n) = be(k), k € Ny.

Let us consider the difference equation

Spix(h)} = {f(0)},
i.e.
x(k +n) - bx(tk) = f(k), keNy. (18)
Hence we get
xtk+n)  x(k) _ f(k)

ck+n) el etany Mo
that is
y(k +n) = y(k) = g(k), k€ No, (19)
where
_ xh) __f®
y(k) = o) g(k) = okt k € No. (20)
The equation (19) can be presented in the form of
S{vk)} = {g(k)}, (21)

where § = A, is the operation (9).

114 Zeszyty Naukowe AMW — Scientific Journal of PNA



An operational calculus model for the nth — order forward difference

From Lemma 1 it follows that the sequence
(k)Y = sk (y(k)} + T {g (KD},
where T, and s, are operations (10) and (11), is the solution of the equation (21).

From (20) we get x(k) = e(k) v(k), k € Ny. Finally,

(x(b) = {e(k)}sk(,{%} ¥ {e(k)mo{e({(f)n)} (22)
constitutes the solution of the equation (18).
If we take
@) = sk{’e‘gg}
then the sequence {@(k)} € Ker § is n-periodic, ie.
Tk +n) =Tkh), kel

Let

Suag (80 1= lelsn {2+ Ko € @ 1= N, bxol < . (23)

Thus, for each k € Iy we obtain

Spspaex(k) = e(k + nyclk + n) — b e(k)cik)
= e(k + M@k + n) — Tk)) = e(k +n) -0 = 0,

which means that sy 4, € ZL(L', Ker Sp,). Moreover, for each k € Ng holds the below
_ kc(k
5230 = 4 [eC0ER)] = e(k)sk(,[“"(ezzg )

= e(k)sy,ck) = e(k)c(k) = sp g, x(k),

since sy, {c(k)} = {c(k)}. Eventually, sy, is a projection of I! onto KerS}, for each
ko € No. From Lemma 2 it follows that the projection s, determines the integral
Ty 4, from the formula (22). Namely,

S (k)

ToaalF00) = eI | s

}, ko € O.{f(k)} € L. (24)
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What is more, s34, is the limit condition corresponding to the integral (24).

Hence we arrive at the

Corollary. The system (16), (23), (24) constitutes a discrete model of the Bittner

operational calculus

116

CO(C(Mp, C), C(No, C), Sp, Thky» Sk No).

REFERENCES

Bittner R., On certain axiomatics for the operational calculus, ‘Bull. Acad. Polon. Sci.’, 1959, CL II],
7(1), pp- 1-9.

Bittner R., Operational calculus in linear spaces, ‘Studia Math.’, 1961, 20, pp. 1-18.

Bittner R, Algebraic and analytic properties of solutions of abstract differential equations,
‘Rozprawy Matematyczne’ [‘Dissertationes Math.’], 41, PWN, Warszawa 1964.

Bittner R., Rachunek operatoréw w przestrzeniach liniowych, PWN, Warszawa 1974 [Opera-
tional Calculus in Linear Spaces — available in Polish].

Bittner R., Mieloszyk E., Properties of eigenvalues and eigenelements of some difference equa-
tions in a given operational calculus, ‘Zeszyty Naukowe Wydz. Mat. Fiz. Chem. Uniwersytetu
Gdanskiego, Matematyka’, 1981, 5, pp. 5-18.

Levy H., Lessman F,, Finite difference equations, Pitman and Sons, London 1959.

Mieloszyk E. Example of operational calculus, “Zeszyty Naukowe Politechniki Gdanskiej,
Matematyka XIII’, 1985, 383, pp. 151-157.

Renault M., [online], http://webspace.ship.edu/msrenault/ [access 28.05.2017].
Wall D. D., Fibonacci series modulo m, ‘Amer. Math. Monthly’, 1960, 67(6), pp. 525-532.

Weisstein E. W., 'Pisano Period’, from MathWorld — A Wolfram Web Resource, [online],
http://mathworld.wolfram.com/PisanoPeriod.html [access 28.05.2017].

Wysocki H., Taylor’s formula for the forward difference via operational calculus, ‘Studia Sci.
Math. Hungar.’, 2010, 47(1), pp. 46-53.

Wysocki H., The operational calculus model for the nth-order backward difference, ‘Zeszyty
Naukowe Akademii Marynarki Wojennej’ [‘Scientific Journal of PNA’], 2015, 3(202), pp. 75-88.

Zeszyty Naukowe AMW — Scientific Journal of PNA



An operational calculus model for the nth — order forward difference

MODEL RACHUNKU OPERATOROW
DLA ROZNICY PROGRESYWNE]J RZEDU n

STRESZCZENIE

W artykule skonstruowano model nieklasycznego rachunku operatoréw Bittnera, w ktérym pochodna
rozumiana jest jako réznica progresywna A,{x(k)} := {x(k + n) — x(k)}. Nastepnie dokonano
uogolnienia opracowanego modelu, rozwazajac operacje A, p{x(k)} := {x(k + n) — b x(k)}.

Stowa kluczowe:

rachunek operatoréw, pochodna, pierwotne, warunki graniczne, réznica progresywna.
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